The hole energy spectrum with the ion of an acceptor impurity in the quantum dot has been calculated using the spherical approximation of the multiband Luttinger model. The dependence of the hole energy levels on the impurity location in the quantum dot has been studied. The effect of the impurity location on the dipole momentum and the oscillator strength has been analyzed. The hole interlevel absorption coefficient has been calculated.
Introduction
For the last decade numerous theoretical and experimental works related to quantum dots (QD's) have been carried out [1] [2] [3] [4] [5] [6] . The physical properties of the spherical QD, such as a dipole transition, oscillator strength, and optical absorption coefficient can significantly depend on the presence of impurities in QD's. Today, a lot of theoretical and experimental works are available, where the effect of impurities on the QD optical parameters has been studied. Most theoretical works analyzed hydrogenic (donor or acceptor) impurities [6] [7] [8] [9] [10] located in the center of the QD or quantum anti-dot [11] . For a donor impurity within the effective mass approximation, an exact solution of Schrödinger equation has been obtained. As concerns the acceptor impurity, the multiband model of the valency band has been used, such as Luttinger model [12, 13] . In the case of a harsh change of the heterosystem dielectric permittivity, the theory has been constructed which makes it possible to regard the effect of polarization charges on hydrogenic impurity [6, 9, 10] .
In general, the impurity can be anywhere in the QD or even outside. In this case, the Schrödinger equation does not have an exact solution. That is why variational methods are used in calculating the ground and exited states of an impurity. It was found that the impurity shift from the QD center is caused by the splitting of degenerated levels [14, 15] . The number of splitting levels is equal to the number of magnetic number values. The energy spectrum of an impurity electron has been so far studied in the cubic QD using a variational method [16] . General properties of an impurity in the spherical QD in the presence of an electric field were analyzed in [17] using a plane wave basis. The Stark effect was researched. An ellipsoidal QD with off-central impurity in the parabolic potential well is considered in [18] . Impurity eigenvalues were defined by expanding the exact wave function over exact functions of the system with a central impurity. The binding energy was presented as a function of the impurity position and ellipticity constant.
Despite a large number of QD works, we have not come across the works in which the off-central acceptor impurity was analyzed within the Luttinger model for cubic crystals. Given that the valence band of most semiconductors of cubic symmetry is degenerate in the center of the Brillouin zone, the Luttinger model should be employed for an adequate theoretical analysis of hole and acceptor states.
Moreover, the problem of the off-central impurity is important because the impurity can be located on the surface of the QD. It is known that in many experiments nanoparticles were obtained formed on the surface nanoclusters [4] . Such problems are an important step for a further construction of the theory of surface impurity defects on the QD.
As noted before, impurities can change optical properties, in particular the absorption coefficient, which is caused by the hole or electron interlevel transitions. The interest to intraband interlevel transitions is caused by the possibility to use those transitions in the construction of terahertz radiation detectors [5] , because the transition energy is in the terahertz range. Particularly, this urges the study of interlevel transitions in the QD with impurities [19] [20] [21] [22] [23] [24] . In particular, in [15] the dependence of the absorption coefficient on the impurity position in the QD was studied. It was shown that the displacement of a donor impurity ion from the QD center causes shift of the absorption band into the low-energy range. Although in these works interlevel transitions in the QD with the donor impurity are described quite in detail, but optical transitions caused by the off-central acceptor impurity have not been researched.
Therefore, the work is aimed at
• calculating the energy spectrum of the off-central acceptor impurity within Lattinger multiband model;
• studying the QD optical parameters (dipole momentum, oscillator strength, absorption coefficient) with the off-central acceptor impurity;
• analyzing the obtained results with respective results of the donor impurity.
Eigenvalues and eigenfunctions of the off-central acceptor impurity

Formulation of the problem and its solution
We consider a spherical QD heterostructure with an acceptor impurity which is located on the distance D from the center of the QD. The radius of the QD is a. Let the heterosystem be constructed of cubic crystals with the large band gap E g and strong spin-orbit interaction ∆. Let those crystals be 4-fold degenerated in the k = 0. Taking this into account, the spherical Luttinger Hamiltonian is given by [12, 13, 25] 
where γ 1 , γ = 1/5(2γ 2 + 3γ 3 ) are Luttinger parameters, p is the momentum operator, J = i J x + j J y + kJ z is the spin operator j = 3/2. The potential energy of the system is given by
The interaction between the acceptor ion and the hole has been written in the Coulomb form
where ε 0 is an electric constant, ε is a dielectric permittivity of the QD. In this work we consider a heterosystem with a large band mismatch. That is why the confinement potential has been chosen as the infinitely high spherically symmetric potential well
The exact solution of the Schrödinger equation with Hamiltonian (2.1) does not exist. But if the potential (2.3) is neglected, the exact solution can be obtained [25] ψ f ,M r, θ, ϕ = 2f + 1
where
Based on the general function (2.5), exact solutions in the spherically symmetric field have been obtained in [13, [26] [27] [28] for three types of states 
where i = I, II (the set of numbers determines the type of states), R i
, respectively and coefficients have been written with the use of 6-j symbols
j l is the spherical Bessel function of the first type. The solution for the third type of states can be represented by the one spherical Bessel function of the first type. Based on the boundary conditions for an infinitely high potential well, the dispersion equation has been derived, from which the parameter χ f ,l ,n has been obtained. Here, n is the number of the solution of dispersion equation for other fixed quantum numbers. Therefore, the energy of the hole is written in the form
Since the energy depends on two more quantum numbers, the function (2.6) can be defined ψ
. In the case of the presence of an impurity in the QD, the Ritz variational method was used to determine the energy of the system. To construct the variational function, the wave function of the task without the impurity (2.6)-(2.7) was used. From boundary conditions for the function (2.7), A 2 was expressed by A 1
Then, (2.7) can be written as:
Using (2.9) the ground state variational function (first type of states) was written in the form
where Q I , W I are linear variational parameters, α I is the variational parameter, θ is the angle between the direction on the impurity and the hole. The symmetry of the problem makes it possible to choose the coordinate system in the way that the axis z passes through the QD centre and through the ion of the impurity. A I can be determined from the normalization condition. For the ground state f = 3/2,
The wave function (2.10) in the Schrödinger equation was substituted with the Hamiltonian (2.1). The obtained expression was multiplied by the Hermitian conjugate function (2.10) and the final expression was integrated by angle variables. As a result, the functional F = F (Q I ,W I , α I , M ) was obtained. The functional was minimized and the ground state energy that depends on |M| was defined. In the case of the central impurity D = 0, the energy does not depend on |M|. Also, in the case D = 0, Ritz variational method can be used to calculate the first excited state (second type of states) with the similar wave function: 
where W j i is the matrix element of the potential energy (2.3) on functions of the problem without impurity. The energy spectrum of the acceptor impurity and coefficients c i were obtained by solving the linear system of equations (2.12) and the normalization condition
Analysis of the spectrum of the acceptor impurity
Specific calculations were made for CdSe QD. We take the following basic parameters of the crystal that form the QD: E g = 1.841 eV, ∆ = 0.420 eV [29] , γ 1 = 1.66, γ = 0.41 [30] , ε = 9.53 [31] . Initially, the
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Off-central acceptor impurity in a spherical quantum dot In figure 1 , there are two curves which correspond to the ground state (first type of states f = 3/2) -curve 1, and to the first excited state (second type of states f = 3/2) -curve 2. Horizontal dashed lines denote the energies of the acceptor impurity in the bulk crystal CdSe [13] . Those energies saturate at small QD radii (a < 40 Å). This is due to a small effective Bohr radius (a * b = 8.38 Å). As expected, there remains a degeneracy by the quantum number M. The calculations of the energy of the off-central acceptor impurity were made using the Ritz variational method (only ground state) and by the linear expansion over the wave function without the impurity (many states). For a detailed analysis, further calculations E = E (D) were made for the intermediate QD radius (a = 25 Å). Calculation results of the energy of the off-central acceptor impurity are presented in figure 2 . Solid curves denote the energy of the acceptor impurity which was calculated using the method of linear expansion over the wave function without impurity, dashed curves denote the same energies that were calculated by the Ritz variational method. As mentioned above, the variational functional depends on the quantum number M: F = F (Q I ,W I , α I , M ). Therefore, energy of the off-central impurity also formally depends on M. But specific calculations showed that the energy of the off-central
33702-5
impurity depends only on |M|. Thereby, if the ion of the impurity shifts from the QD center, the energy level of the ground state splits into two levels: with |M| = 3/2 (curve 1 ′ ) and with |M| = 1/2 (curve 2 ′ ).
The cause of this dependence on |M| can be explained by the violation of the spherical symmetry of the problem, and by the preservation of the cylindrical symmetry. A similar splitting of energy levels was obtained for the donor impurity [15] . However, due to the fact that the ground state of the donor impurity does not degenerate in the single-band model, there is no splitting of the ground state energy of the donor impurity in contrast to the acceptor impurity. Apart from the Ritz variational method, there was used a method of linear expansion over the wave function without impurity. The first 74 terms were used in calculations. For small D/a, this method with a specified number of terms gives the energy which differs by 10 percent from the Ritz method. For a large D/a everything changes to the contrary. Since for a small D/a, the symmetry of the problem is close to spherically symmetric problem, the contribution of W j i to degenerated states becomes small and in the case of D/a = 0 it is equal to zero. In this regard, for small D/a, the number of terms in the expansion should be increased four times which dramatically increases the computation time. Therefore, for small displacements of the impurity, it is better to use the proposed Ritz variational method, while for a large D/a, the method of decomposition turns out to be better for calculations. As an example, for D/a we got the following results: and Ψ 1,1/2 have the energy E 1,|3/2| = −0.32289 Ry * . Thus, the curve 1 (figure 2) denotes the energy E 1,|3/2| of degenerated states Ψ 1,−3/2 , Ψ 1,3/2 ; the curve 2 ( figure 2 ) denotes E 1,|1/2| of Ψ 1,−1/2 , Ψ 1,1/2 ; the curve 3 (figure 2) denotes E 2,|3/2| of Ψ 2,−3/2 , Ψ 2,3/2 ; the curve 4 (figure 2) denotes E 2,|1/2| of Ψ 2,−1/2 , Ψ 2,1/2 .
In practice, it is very difficult to get a single isolated QD. In most cases, the set of QD are received which can be characterized by the average QD radius and by dispersion. If the average QD radius is 25 Å and the dispersion is 16%, the splitting by the quantum number |M| vanishes. However, the energy of states 1 and 2 does not intersect each other. This conclusion is important assuming that the dipole transitions between states with the energies E 1,|3/2| and E 1,|1/2| are forbidden, between E 1,|3/2| , E 2,|3/2| are permitted, and between E 1,|1/2| , E 2,|1/2| are permitted too. These optical transitions are calculated in the section of the paper that follows.
The interlevel transition of the hole of the acceptor impurity
We have considered the case of the QD irradiated by a linearly polarized light along z direction. The dipole transition matrix element between two states is calculated using the function (2.11). However, 
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Off-central acceptor impurity in a spherical quantum dot 2 . In addition, the oscillator strength of interlevel transitions was obtained (figure 4) using the formula
(3.
3)
The linear optical absorption coefficient which is caused by the interlevel optical transition was defined based on the expression [23, 24] :
where ω is the frequency of the light, µ 0 is magnetic constant, ħΓ is the relaxation rate caused by the electron-phonon interaction and some other factors of the scattering, |M| = 1/2, 3/2. The electron density
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in the QD σ is chosen on the assumption that the QD has one hole (impurity hole). That is why σ = 3/ 4πa 3 . We assume that the QD is under low temperature, and its surface is ideally spherical. That is why ħΓ can be estimated as the energy level width which is caused by the scattering on acoustic phonons. If the temperature of the system is T ≈ 20 K, then ħΓ = k B T ≈ 1.7 meV, where k B is Boltzman constant. figure 5 that the displacement of the impurity from QD center causes the shift of absorption bands into a lower energy region. This shift is caused by a decrease of the distance between energy levels. Similar results were obtained for a donor impurity [15] . However, the difference lies in the absence of the ground state of the donor impurity for degeneration as compared with the acceptor impurity. In addition, it should be noted that the absorption bands that correspond to a transition between the states with energies E 1,|3/2| → E 2,|3/2| for the intermediate D/a are shifted into a high energy region as compared with transitions E 1,|1/2| → E 2,|1/2| . The difference between those transition energies explain the fact that in figure 5 , for D/a = 0.5; 0.7, there is seen a "structure" in α = α(ω) dependence. For a large or small D/a, the function α = α(ω) is of a Lorenz form. In real heterostructures, there is observed a dispersion by the QD size. Calculations show that if the dispersion is more than 15%, the half-width of absorption bands will be larger. That is why the structure cannot be observed.
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Summary
In the proposed paper, there was made a theoretical study of the energy spectrum of the off-central acceptor impurity based on the Luttinger model. It is possible to determine:
• the dependence of the energy on the acceptor impurity position in the QD;
• a partial removal of the degeneracy of energy levels by a quantum number |M|;
• the QD optical absorption coefficient with the off-central impurity shows that the displacement of the impurity from the QD center causes the shift of absorption bands into the low energy range. It is also proved that some obtained results are qualitatively similar to the results of the off-central donor impurity.
Нецентральна акцепторна домiшка у сферичнiй квантовiй точцi
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